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same t/L ratio and koa, the normalized phase constant in-

creases with increasing corrugation depth. Fig. 3 shows the

variation of /3/ kO with t/L for a larger value of koa. Increas-

ing koa appears to result in a larger value of /? /kO for the same

t/L ratio. When all the physical parameters and the permittiv-

ity remain unchanged, increasing k. a corresponds to an in-

crease in frequency. Hence, an increase in frequency acts to

slow down the propagating wave in a cylindrical waveguide

loaded with dielectric disks. Consequently, the ratio /3/ kO ap-

proaches unity for a smaller value if kOa is larger. We can also

view the disk-loaded cylindrical waveguide as a band-pass filter

and these results indicate that an increase in frequency would

lead to a narrowing of the bandwidth.

Fig. 4 shows the variation of the axial component E= with the

normalized radius for three different values of the thickness

ratio. The axial electric field is zero on the axis, increases slowly

in region 1 to a maximum value, decreases in region 2, and

finally vanishes at the conducting boundary at p = b. The magni-

tude of the electric field decreases with increasing t/L ratio.

Fig. 5 shows the variation of the circumferential electric field

component in the transverse plane. The @ component starts at a

constant value on the axis and is almost constant in region 1 for

larger t/L ratios. For lower values of t/L,however, it tends to

decrease slightly. In region 2, it decreases monotonically and at

the conducting boundary it goes to zero. Once again, we notice

that the magnitude is higher for higher values of the thickness

ratio. The variations of the axial and circumferential compo-

nents of the electric field with respect to the angular coordinate

$ are given by cos ~ and sin ~, respectively.

IV. CONCLUSIONS

The problem of guided wave propagation in a circular wave-

guide with a corrugated dielectric lining is solved by a boundary

value problem by regarding the medium between the corruga-

tions as a medium with tensor permittivity. By matching the

field components at the boundaries, the characteristic equation

for the phase constant is derived. This characteristic equation,

which is transcendental in nature, is numerically solved for a

given set of physical parameters, for example the diameter of

the cylinder, the corrugation depth, the thickness ratio, and the

permittivity of the dielectric material. Some representative re-

sults of the normalized phase constant and its variation with

different parameters are shown. The variations of the axial and

circumferential electric field components in the transverse plane

with the normalized radius are shown for different values of the

thickness ratio.
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Abstract —The spectral-domain approach (SDA) is extended in the
present paper for symmetrical and asymmetrical coplanar waveguides

with anisotropic media. The qnasi-static and the hybrid-mode analytical

method are developed in the spectral domain taking the metallization
thickness effect into consideration. Numerical computations inclnde the
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metrical CPW’S and the metallization thickness effects in CPTVS. In-

creased metallization thickness significantly reduces the nonreciprocal
properties in CPW with magnetized ferrite and additional dielectric
layers.

I. INTRODUCTION

Coplanar waveguides (CPWS) with anisotropic substrates have

been investigated for use in microwave and millimeter-wave

integrated circuits [1]–[4]. A number’ of theoretical analyses of

CPW have been reported based on the quasi-static approach

[2], [3] and the frequency-dependent hybrid-mode approach [2],

[4]. However, most of these efforts have been based on the

assumption that the metallization thickness is zero, and have

treated the symmetrical CPW. Tlie metallization thickness effect

of CPWS in general, is larger than that of striplines because of

the field configurations [3], [5], [6]. The effects have been investi-

gated by one of the authors for the symmetrical CPW with

isotropic [2] and/or uniaxially anisotropic media [3]. The asym-

metrical version of the coplanar waveguide (ACPW) has been

introduced to take advantage of the additional flexibility offered

by the asymmetric configuration in the design of integrated

circuits [7], [8]. However, there is no analytical method applica-

ble to ACPW with finite metallization thickness.

In this paper we extend the spectral-domain approach (SDA)

[9], [10] to analyze the asymmetrical coplanar waveguide (ACPW)

with anisotropic media, taking the finite metallization thickness

into consideration. Anisotropic media may be dielectric, e.g.,

sapphire and/or magnetic, ‘e.g., magnetized ferrite. In what

follows, the quasi-static as well as the hybrid-mode analytical

method is developed in the spectral domain. The frequency

dependence of the line parameters of CPW’S is smaller than

that of slotlines and striplines, and the quasi-static approxima-

tion gives reasonable results in the lower frequency range.

Numerical computations are carried out for symmetrical and

asymmetrical CPWS with uniaxially anisotropic dielectrics and

magnetized ferrites, demonstrating the effect of the metalliza-

tion on the phase constant and characteristic impedance.

II. ANALYTICAL FORMALISM OF ELECTROMAGNETIC

FIELDS

Fig. 1 shows the cross section of an ACPW. The structure

consists of printed conductors of finite thickness t with layered

lossless anisotropic media. Anisotropic media of practical im-

1427

Fig. 2. Aperture fields.

portance are uniaxially or biaxially anisotropic dielectrics, e.g.

sapphire, and magnetized ferrites. When the layer is made of an

anisotropic dielectric of this type, the permittivity tensor is

expressed as

When the layer is the ferrite and is magnetized in the x

direction, the permeability tensor is expressed as [9]

[1
100

~=pO t) ~, jK (2)
o – jK W,

where p, and K are dependent on the operating frequency w,

the applied dc magnetic field HO, and magnetization of the

ferrite 4rM,:

y2H04TM8 74TM,w
~,=1–

w’ -(yHO)’ “ = 0J2-( YHO)2 “
(3)

Electromagnetic fields in the aperture region (t > y > O) are

expressed by the Fourier series representation with respect to

the x direction, viz.,

1 ~ ~j~)(y)e-ja,.(.-c,)e-j~z,‘$:)(x’y’z)=w .=-. i=l,2

(4)

where D is the phase constant, Ci represents the center of the

right (i = 1) or left (i = 2) aperture, and the Fourier variables

a i. in the aperture region are determined so that the boundary

conditions at the conductors are satisfied:

(5)

Fields in the other open regions are expressed by the Fourier

integral representation in the x direction, e.g.,

(m=+l, i2, t3, ). (6)

Applying the continuity conditions at the interfaces and intro-

ducing the aperture fields at y = t, e~(x) and at y = O, e:(x)

(Fig. 2), the electromagnetic fields in the subregions can be
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related to the aperture fields e~(x) and e~(x):

E(n)(x, y,z) = ~ ~l{~~~)(x,ylx’)e~(x’)
1

+ ~}~)(x, ylx’)e[~(x’)} dx’e-]pz (7)

fl(’”)(x, y,z) = ~J,{PJ~)(x, ylx’)e~(x’)
c ~1

(8)+ZT)(x, YIX’)efi(x’)}A’ e-J@z

tifiere the ~’s and ?’s are the dyadic Green’s functions.

A similar procedure is applicable for the quasi-static case. In

tlib quasi-static approximation (co - O), the electric fields in

each re&ion can be expressed in terms of the x components of

the aperture fields:

E(m)(x, y) = E~,{R~~)(x, ylx’)e~(x’)
11

~(x’)}dx’ (9)+ R\Y)(x, Ylx’)e,,

and the magnetic fields in each region can be expressed in terms

of the y components of the magnetic flux densities at y =

t, b~,(x) and at y = O, b:(x):

ll(~~(x,y) = zJ,{sLT)(x, Ylx’)b:(x’)
L ~,

+s~;~(x, ylx’)b:(.x’)}dx’. (10)

A. Qi~asi-Static Formulation

Quasi-static cha~acteristics df transmission lines can be ex-

pressed in terms of the inductances and capacitances. The

stationary expressions for inductances and capacitances are de-

rived in the following.

The total current 10 on the center strip – a < x < a can be

evaluated by

l.= 1(X1,X2) =fx’{q+qx, y = –o)
X2

-H;-D(x, y=t+o)}&

J

t
+ ~ {M?(X= X1, Y)– Hg)(x = x 2jY)}dY (11)

where xl lies within the right aperture a < xl < bl and X2 lies

within the left aperture – b2 < X2 < – a. Multiplying (11) by

b~(xl) and integrating over the right aperture a < xl < bl, we

ob~ain

– 1.OO s jb’byy(xl)I(xl, x2)dx1 (- b,<x, <-a) (12)
a

where @O is the total magnetic flux through the aperture, i,e.,

o, =~b’b:y(x) dx = - /_’~:Y(x) dx
a

=~b’b:,(x)dx

(13)

Then, ntultiplying (12) by b~y(xz) and integrating over the left

aperture – b~ < Xz < – a, we get

Substituting (10) and (11) into (14) and using (13), we get

where the subscripts U, L, AR, and AL stand for the contribu-

tions from the upper (y > t)and lower (y < O) half regions and

the right and left aperture regions, respectively; they are ex-

pressed as

~:(x’~~x’dx{r’b:((16)
and

+ b:Y(x)G,(xlx’)b& (x’)

( }
—~

+ b:,(x) GJxlx’)b:Jx’)}dx’dx ~b’b:(x)dx .
a

(17)

The expressions for (1/L)~ and (1/L.)~~ are similar to (16) and

(17), respectively. Equations (16) and (17) are stationary and

they give the lower bounds on the inductances.

The stationary expressions for the capacitances are derived in

similar fashion. Instead of the total current 10, the total charge

QO on the center strip – a < x < a plays an important role in

this case:

QO=Q(X1>X2)

=[’{D;-l)(X,Y=, +O)-D+,)(X y=-o)}dxY>

/+ ~*{Diy(x=xl, Y)– D\”;(x=x2>Y)}dY. (18)

Multiplying (18) by e~’(xl) and e~X(x2) and integrating over the

right aperture a < xl < bl and the left aperture – b2 < xl < – a,

we obtain

where VO is the potential difference between the center strip

and the ground conductors, i.e.,

=-(b’e~:(x)dx
a

‘/_-b:$x(X) dx. (20)
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Substituting (9) and (18) into (19) and using (20), we

Qo
C= F= CU+CL+CAR+CAL

o

get

(21)

where the expressions for Cu, CL, CAR, and CAL are similar to

those for the (1 /L)’s and they have stationa~ properties. It

should be noted that the sum of Cu and CL corresponds to the

total capacitance of CPW with zero metallization thickness, and

that the metallization thickness effect is accounted for mainly by

CAR and CAL.

B. Hybrid-Mode Formulation

Applying the continuity conditions of the magnetic fields at

the aperture surface y = tand O to expression (8), we obtain the

integral equations for the aperture fields e?(x), e,~(x) and

implicitly the propagation constant P. Then, applying Galerkin’s

procedure [2], [4]–[7], [9], [10] to the integral equations, we

obtain the determinantal equation for P. In this procedure, the

unknown aperture fields e:(x), ez~(x) are expanded in terms of

the appropriate basis functions:

NX , N.

e~(x’) = ~ aZXk~iX~(x) e~(x’) = ~ b,X~~,X~(x)
k=l k=l

Ny N,

e~(x’) = ~ a, Ykf,Yk(x) efi(x’) = ~ b, Ykf,Yk(x). (22)
k=l k=l

Taking the edge effect into consideration, the

are defined as [2]

k

(}
fk,x,=~&

{1)fcvk(x) ‘Uk 2(X;”)

basis functions

(23)
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Fig. 4. Differential phase shift of single-layered slotline and coplanar

waveguide: .sF = 11.6, j’= 10 GHz, M, = 1800 A/cm, Ho= 300 A/ctn,

,S= ~ W (CPW), S + ~’ (slotline).

where Tk(x) and U~(x) are Chebyshev polynomials of the first

and second kind, respectively.

III. NUMERICAL EXAMPLES

Some preliminary computations are carried out for the special

cases of CPW’S to show the validity of the present method. Fig.

3 shows the convergence of the calculated results with respect to

the number of basis functions. The effective dielectric constants,

defined as

(24)

are calculated for the simple structures of symmetrical CPW’S

with isotropic substrates. The number of basis functions is

increased to N = 10, and the percentage error to the value of

the N = 10 case is shown in the figure. Rapid convergence is

observed for both the zero and the finite thickness case. The

isotropic substrate of the configuration shown in Fig. 3 is re-

placed by the magnetized ferrite, and the differential phase shift

A~ = ~f – ~, is calculated in Fig. 4 together with the published

data [4] for the case with zero metallization thickness (t= 0)

Close agreement between the two sets of results is observed for

a wide range of aperture widths.

Fig. 5 shows the frequency-dependent characteristics of the

symmetrical and the asymmetrical CPW with an anisotropic

sapphire substrate. The figure includes the numerical results of

the effective dielectric constants (Fig. 5(a) and (b)) and the

characteristic impedances (Fig. 5(c)). It should be noted that the

thickness effect of the c-mode case is smaller than that of the

m-mode case (Fig. 5(b)). In the ~-mode case, the electric field

lines run between the center strip and semi-infinite conductors,

while in the c-mode case, the electric field lines run between the

semi-infinite conductors too; therefore the fractional flux in the

aperture region (t > y > O) becomes smaller in the c-mode case.

The definition for the frequency-dependent characteristic im-
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pedance is not uniquely specified for the hybrid-mode propaga-

tion. For the symmetrical coplanar waveguide, it has been evalu-

ated by the power-voltage basis [2]:

(25)

where P. is the average power flow in the z direction, and V. is

the voltage difference between the center strip and the ground

conductors. However, for the asymmetrical case, the voltage

difference between the center strip and the ground conductors

is not uniquely specified except at zero frequency (the quasi-

static case, eq. (20)); in general,

Jb’e:’(x)dx#-J-ae;x(x)dx. (26)
a – ‘2

To avoid ambiguity, we chose the following definition:

ZP1 = : (27)
o

where 10 is the total current on the center strip – a < x < a and

it can be evaluated accurately by using a procedure similar to

that used in deriving the stationary expression for the quasi-static

case. Multiplying (11) by e~(xl) and e~(xz) and integrating over

the right aperture a < x ~ < bl and the left aperture – bz < X2
< – a, we obtain’
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Fig. 6. Dispersion characteristics of ACPW with magnetized ferrite:

h =1 mm, Wz = 1 mm, S= 0.5 mm, CF = 11.6, M.= 1800 A/cm, Ho=

300 A/cm:
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Frequency-dependent hybrid-mode values converge to the cor-

responding quasi-static values in the lower frequency range for

all cases.

Fig. 6 shows the dispersion characteristics of the ACPW with

the magnetized ferrite with zero and finite metallization thick-

nesses. The nonreciprocal properties as well as the metallization

thickness effect are demonstrated in the figure. The metalliza-

tion thickness effect in the forward waves is larger than that in,

the backward waves because of the difference of the field

distribution between the forward and backward waves, which

increases the nonreciprocity slightly in this configuration.

Planar waveguides with a single-layered ferrite substrate do

not exhibit adequate nonreciprocity, and additional layers, such

as spacer or overlay (Fig. 7), are introduced to increase the

nonreciprocity [41, [91, [111. In the layered structures with overlay

or spacer of high permittivity near the line conductor, the

electromagnetic fields are concentrated near the line conductor

edge, which may increase the effect of the conductor thickness.

Parts (a) and (b) of Fig. 8 show the frequency dependence of the

differential phase shift A/3 = ~f – ~, for CPWS wfih a dielectric

spacer (the double-layered CPW) and a dielectric overlay (the

sandwich CPW), respectively. The numerical results for the

CPWS with zero (t = O) and finite (t= 70 ~m) thicknesses of

the metallization are plotted together with the published data

[4]. The good agreement between the values of the zero metal-

lization thickness obtained by the present method and those in

[4] is observed. The phase constants of the backward ~, and
forward ~f waves are lowered by the finite metallization thick-

ness, but the metallization thickness effect in the backward

waves is larger than in the forward waves because of the

difference of the field distribution, which decreases the nonre-

d DIELECTRIC

d

h

h FERRITE

(a)

DIELECTRIC

FERRITE

(b)

Fig. 7. (a) ACPW with ferrite and dielectric spacer (double-layered

ACPW). (b) ACPW with ferrite and dielectric overlay (sandwich ACPW).

ciprocity significantly in these configurations. Parts (c) and (d) of

Fig. 8 show the variation of the differential phase shift with the

metallization thickness for the double-layered CPW and the

sandwich CPW, respectively.

IV. CONCLUSIONS

The spectral-domain approach (SDA) is extended in the pre-

sent paper for the symmetrical and the asymmetrical coplanar

waveguide with anisotropic media. Quasi-static and hybrid-mode
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analytical methods are developed in the spectral domain taking

the metallization thickness effect into consideration. The quasi-

static formulation presents expressions for the line capacitance

and inductance in variational form. The frequency-dependent

hybrid-mode values of the phase constants and characteristic

impedances converge to the quasi-static values for the symmetri-

cal and asymmetrical CPWS with uniaxially anisotropic media

for both zero and finite metallization thicknesses. The metalliza-

tion thickness effects are demonstrated for the first time for

CPWS with anisotropic dielectric and magnetic media. The

effects are different for the z-- and c-mode cases. Increased

d = 0.5 mm;

d = 1.0 mm;

14

metallization thickness reduces significantly the nonreciprocal

properties in CPW with magnetized ferrite and additional layers

which are introduced to increase the nonreciprocity. Evaluation

of the losses caused by ferrite and finite conductivities of the

conductors is a topic for future work.
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Quasi-Static Analysis of Three-Line Microstrip

Symmetrical Coupler on Anisotropic Substrates

Lukang Yu and Banmali Rawat

Abstract —A method for analyzing the three symmetrically coupled

microstrip lines on an anisotropic substrate has been developed. Com-

puter programs based on the method of moments have been employed
and the coupler mode impedance, Z, coupling constant, K, and phase

velocity, v, as functions of the anisotropy ratio, 6XX / ~YY, have been
obtained.

I. INTRODUCTION

Three-line microstrip couplers are an integral part of many

microwave communication systems, such as six-port reflectome-

ters, balanced mixers, and phase shifters. In the analysis of three

equal-width microstrip lines on isotropic substrates, it has been

reported that under the assumption of a certain set of voltage

modes, the characteristic impedance of the center line will

always be the same as that of the side lines [1]. This imposes no

condition on the capacitance coefficients of the network. Fur-

ther work has revealed that for the same coupled system, the

normal-mode impedances of the center line may be greater than

those of side lines at small widths and separations; hence there

are five normal-mode impedances [2]. It is necessary to increase

the width of the center line relative to that of the outer lines in
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Fig. 1. Cross section of three coupled microstrip lines on an anisotropic
substrate.

order to equalize the mode impedances. On the other hand,

however, in the limit (lV/h and S/h> 0.8), the two systems

will be practically indistinguishable from each other.

The boundary value problems involving single and coupled

microstrip lines on anisotropic substrates such as sapphire and

pyrolytic boron nitride (PBN) have been approached from nu-

merical points of view [3]–[7]. Green’s functions in the spectral

domain have been utilized to transform an anisotropic problem

to an isotropic olne. It has been found for coupled lines that

under the quasi-static TEM assumption, the difference between

even- and odd-mode phase velocities can be significantly re-

duced by using anisotropic substrate. This implies that if an

anisotropic material with a large anisotropy ratio is available,

the isolation and directivity of microstrip couplers can be signifi-

cantly improved.

In this paper, a system of three symmetrically coupled mi-

crostrip lines on an anisotropic substrate is analyzed. For a

three-mode impedance system, the directivity of the three-line

coupler is found to be improved by equalizing Ueo (square-root

average of phase velocities of ee and 00 modes) and vOe (phase

velocity of oe mode). The validity of our method has been

verified by substituting the conditions of isotropic material in

the equations derived for anisotropic material and then compar-

ing the characteristic impedances with the results obtained in [1]

and [2] for isotropic materials.

II. DERIVATION OF GREEN’S FUNCTION

The configuration of the three symmetrically coupled mi-

crostrip lines under consideration is shown in Fig. 1. It com-

prises three zero-thickness strips of width W and interstrip

spacing S on an anisotropic dielectric substrate with thickness

h. The introduction of ground cover by no means affects the

solution as B is allowed to recede to infinity. In this derivation,

an anisotropic substrate layer of homogeneous dielectric has

been considered which has a relative permittivity tensor given by

(1)
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